Abstract. The aim of this note is to announce some results on the GIT problem for the Hilbert and Chow scheme of curves of degree d and genus g in the projective space of dimension d − g, whose full details will appear in [BMV]. In particular, we extend the previous results of L. Caporaso up to d > 4(2g − 2) and we observe that this is sharp. In the range 2(2g − 2) < d < 7 2 (2g − 2), we get a complete new description of the GIT quotient. As a corollary, we get a new compactification of the universal Jacobian over the moduli space of pseudo-stable curves.
Motivation
One of the first successful applications of Geometric Invariant Theory (GIT for short) was the construction of the moduli space M g of smooth curves of genus g ≥ 2 together with its compactification M g via stable curves, carried out by Mumford ([Mum77] ) and Gieseker ([Gie82] ). Indeed, the moduli space of stable curves was constructed as a GIT quotient of the locally closed subset of a suitable Hilbert scheme (as in [Gie82] ) or Chow scheme (as in [Mum77] ) parametrizing n-canonically embedded curves, for n ≥ 5 (see also [HM98, Chap. 4, Sec. C] or [Mor10, Sec. 3 
]).
Recently, there has been a lot of interest in extending the above GIT analysis to smaller values of n, specially in connection with the so called Hassett-Keel program whose ultimate goal is to find the minimal model of M g via the successive constructions of modular birational models of M g (see [FS11] and [AH] for nice overviews). The first work in this direction is due to Schubert, who described in [Sch91] the GIT quotient of the locus of 3-canonically embedded curves (of genus g ≥ 3) in the Chow scheme as the coarse moduli space M ps g of pseudo-stable curves (or p-stable curves for short), i.e., reduced, connected, projective curves with finite automorphism group, whose only singularities are nodes and ordinary cusps, and which have no elliptic tails. Indeed, it was shown by that one gets the same GIT quotient for the Hilbert scheme of 3-canonically embedded curves and for the Hilbert or Chow scheme of 4-canonically embedded curves. Later, Hasset-Hyeon constructed in [HH09] a modular map T : M g → M ps g which on geometric points sends a stable curve onto the p-stable curve obtained by contracting all its elliptic tails to cusps. Moreover the authors of loc. cit. identified the map T with the first contraction in the Hassett-Keel program for M g . Finally the GIT quotient of the Hilbert and Chow scheme of 2-canonically embedded curves was studied in great detail by Hassett-Hyeon in [HH] . For some partial results on the GIT quotient for the Hilbert scheme of 1-canonically embedded curves, see the works of Alper-Fedorchuk-Smyth ([AFSa] , [AFSb] ) and of Fedorchuk-Jensen ([FJ] ).
From the point of view of constructing new projective birational models of M g , it is of course natural to restrict the GIT analysis to the locally closed subset inside the Hilbert or the Chow scheme parametrizing n-canonical embedded curves. However, the problem of describing the whole GIT quotient seems very natural and interesting too. The first result in this direction is the breakthrough work of Lucia Caporaso [Cap94] , where she describes the GIT quotient of the Hilbert scheme of connected curves of genus g ≥ 3 and degree
The GIT quotient that she obtains is indeed a modular compactification J d,g of the universal Jacobian J d,g , which is the moduli scheme parametrizing pairs (C, L) where C is a smooth curve of genus g and L is a line bundle on C of degree d. Note that recently Li-Wang in [LW] have given a different proof of the Caporaso's result for d ≫ 0. Ideally, one would like then to interpret the different GIT quotients obtained (as d decreases with respect to g) as first steps in a suitable "Hassett-Keel" program for Caporaso's compactified universal Jacobian J d,g (see also Question B and the discussion following it). We hope to come back to this project in a future work.
In order to describe our results, we need to introduce some notation.
Setup
We work over an algebraically closed field k (of arbitrary characteristic). For an integer g ≥ 2 and any natural number d, denote by Hilb d the Hilbert scheme of curves of degree d and arithmetic genus g in P (1)
where
We refer to [Mum66, Lect. 15] for m ≫ 0. The aim of this note is to announce some partial results on the above Problem(II). Full details will appear in [BMV] .
Results
Our partial answer to the above Problem(II) will require some conditions on the singularities of X and some conditions on the multidegree of the line bundle O X (1). Let us introduce the relevant definitions.
Definition 1.
(i) A curve X is said to be quasi-stable if it is obtained from a stable curve Y by "blowing up" some of its nodes, i.e. by taking the partial normalization of Y at some of its nodes and inserting a P 1 connecting the two branches of each node.
(ii) A curve X is said to be quasi-p-stable if it is obtained from a p-stable curve Y by "blowing up" some of its nodes (as before) and "blowing up" some of its cusps, i.e. by taking the partial normalization of Y at some of its cusps and inserting a P 1 tangent to the branch point of each cusp.
Given a quasi-stable or a quasi-p-stable curve X, we call the P 1 's inserted by blowing up nodes or cusps of Y the exceptional components, and we denote by X exc ⊂ X the union of all of them.
Definition 2. Let X be a quasi-stable or a quasi-p-stable curve of genus g ≥ 2 and let L be a line bundle on X of degree d. We say that:
(i) L is balanced if for each subcurve Z ⊂ X the following inequality (called the basic inequality) is satisfied
where |Z ∩ Z c | denotes the length of the 0-dimensional subscheme of X obtained as the scheme-theoretic intersection of Z with the complementary subcurve Z c := X \ Z.
(ii) L is properly balanced if L is balanced and the degree of L on each exceptional component of X is 1. (iii) L is strictly balanced if L is properly balanced and the basic inequality (*) is strict except possibly for the subcurves Z such that
(iv) L is stably balanced if L is properly balanced and the basic inequality (*) is strict except possibly for the subcurves Z such that Z or Z c is entirely contained in X exc .
The inequality (*) first appeared in the work of Mumford [Mum77, Prop. 5 .5] and Gieseker [Gie82, Prop. 1.0.11] . See also [Cap94, Sec. 3 .1], where (*) is called the "Basic Inequality".
We are now ready to state the main results of [BMV] . Our first result deals with high values of the degree d. 
The above Theorem was proved by Caporaso in [Cap94] for d ≥ 10(2g − 2) and for Hilbert (semi-, poly-)stability. We remark that the hypothesis d > 4(2g − 2) in the above Theorem A is sharp: in [HM10] it is proved that a 4-canonical p-stable curve (which in particular can have cusps) is Hilbert stable while a 4-canonical stable curve with an elliptic tail is not Hilbert semistable.
We then investigate what happens if d ≤ 4(2g − 2) and we get a complete answer in the case 2(2g − 2) < d < 7 2 (2g − 2) and g ≥ 3.
2 (2g − 2) and g ≥ 3; assume moreover that X is connected. Then the following conditions are equivalent: We note that the conditions on the degree d and the genus g in the above Theorem B are sharp. Indeed, if d = 2(2g − 2) then it follows from [HH, Thm. 2.14] As an application of Theorem B, we get a new compactification of the universal Jacobian J d,g over the moduli space of p-stable curves of genus g. To this aim, consider the category fibered in groupoids J ps d,g over the category of schemes, whose fiber over a scheme S is the groupoid of families of quasi-p-stable curves over S endowed with a line bundle whose restriction to the geometric fibers is properly balanced.
(1) J connected then O X (1) is balanced and X is a reduced curve whose singularities are at most nodes, cusps and tacnodes at which two components of X meet, one of which is a line of P d−g .
Further progresses have been made by Fabio Felici in [Fel] . By analogy with the contraction map T : M More generally, one would like to set up a "Hassett-Keel" program for J d,g and give an interpretation of the above map T as the first step in this program.
Finally, the reader may have noticed that in Theorems A and B we have characterized points [X ⊂ P d−g ] ∈ Hilb d that are Hilbert or Chow (semi,poly)stable under the assumption that X is connected. Indeed, it is easy to prove that, at least for d > 2(2g − 2), the condition of being connected is both open and closed inside the Hilbert or Chow semistable locus. However, we do not know an answer to the following Question C. Are there connected components inside the Hilbert or Chow GIT semistable locus made entirely of non-connected curves?
